Abstract This paper describes a unified and fully automatic algorithm for Reeb graph construction and simplification as well as constriction approximation on triangulated surfaces. The key idea of the algorithm is that discrete contours -curves carried by the edges of the mesh and approximating the continuous contours of a mapping function -encode both topological and geometrical shape characteristics. Therefore, a new concise shape representation, enhanced topological skeletons, is proposed, encoding the contours' topological and geometrical evolution. First, mesh feature points are computed. Then they are used as geodesic origins for the computation of an invariant mapping function that reveals the shape most significant features. Next, for each vertex in the mesh, its discrete contour is computed. As the set of discrete contours recovers the whole surface, each of them can be analyzed, both to detect topological changes and constrictions. Constriction approximations enable Reeb graphs refinement into more visually meaningful skeletons, which we refer to as enhanced topological skeletons. Extensive experiments showed that, without any preprocessing stage, proposed algorithms are fast in practice, affine-invariant and robust to a variety of surface degradations (surface noise, mesh sampling and model pose variations). These properties make enhanced topological skeletons interesting shape abstractions for many computer graphics applications.
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Introduction
Polygonal mesh is a widely used representation of 3D shapes, mainly for exchange and display purposes. However, many applications in computer graphics need higher level shape descriptions as input. Topological skeletons have shown to be interesting shape descriptions [4] . They are beneficial for diverse fields like shape metamorphosis [25] , deformation [8] , retrieval [16] , texture mapping [35] , and so on.
Many topological approaches study the properties of real valued functions computed over triangulated surfaces.
Most of the time, those functions are provided by the application context, such as scientific data analysis [7] . When dealing with topological skeletons, it is necessary to define an invariant and visually interesting mapping function, which remains an open issue [4] .
Moreover, traditional topological graph construction algorithms assume that all the information brought by the mapping function is pertinent, while in practice, this can lead to large graphs [9, 24] , encoding noisy details.
Finally, topological approaches cannot discriminate visually interesting subparts of identified connected compo-nents, like the phalanxes of a finger. This is detrimental to certain applications, such as mesh deformation.
In this paper, an original and unified framework is proposed to address the above issues. Given a closed connected triangulated surface T , feature points are firstly extracted (Fig. 1a) in order to compute an invariant mapping function, noted f m (Fig. 1b) , which reveals the shape most significant parts. Secondly, for each vertex in the mesh, we compute its discrete contour, a connected curve traversing it and approximating f m continuous contours. We show that a topological analysis of those discrete contours enables a pertinent Reeb graph construction and simplification (Fig. 1c) , without any input parameter. Finally, we show that a geometrical analysis of discrete contours can approximate constrictions on prominent components (Fig. 1d) , enabling the refinement of Reeb graphs into enhanced topological skeletons (Fig. 1e) .
This paper, which extends the authors' previous work [32] , is structured as follows. First, we introduce topological skeleton related work. Next, we define our mapping function f m . Then, we present our algorithm for discrete contour computation, which is used both for the Reeb graph construction and simplification as well as the constriction approximation.
In particular, special emphasis is given to the discrete contour constriction detection algorithm, which provides more robust and more accurate results than the previous work [32] . Moreover, an extensive discussion on experimental results and framework evaluation is pro- Fig. 1a -g. Main steps of the framework. First, feature points are extracted (a). Then a mapping function (b) is contoured both to construct a topological skeleton (c) and to enhance it (e) with constrictions (d). Topology driven segmentation (f) and skeleton driven deformation (g) are two examples of application of the framework posed. Finally, to demonstrate the usability of the presented method, two applications are discussed: topology driven mesh segmentation (Fig. 1f) and skeleton driven mesh deformation (Fig. 1g ).
Related work
Several approaches have been explored for the decomposition of polygonal meshes into meaningful subcomponents, to extract skeletal representations of shapes. They can be roughly classified into four categories: semanticoriented segmentations, medial axis transforms, generalized potential fields and topological skeletons. Each one has its own advantages and drawbacks. For example, medial axis transform based methods [6, 26] are commonly associated with the drawback of high sensitiveness to small surface perturbations, which is detrimental to many applications. On the contrary, generalized potential field based methods [33] provide more robust results at the cost of high computational times. In comparison to mesh segmentation based methods [2, 17, 18] and traditional skeleton extraction [33] , topological approaches, based on Morse and Reeb graph theories [22, 28] , present the advantage of preserving the topological properties of the shape [4] (number of loops, number and relations between components, etc.). However, with regard to shape skeletons, we identify three main drawbacks in topological approaches, successively addressed in this paper.
Firstly, it is difficult to define an invariant and visually interesting mapping function. Secondly, constructing and transforming a topological graph into a manageable skeleton is not a trivial problem. Finally, topological approaches decompose a surface into connected subcomponents only. This means that visually interesting subparts of identified connected components will not be discriminated: for example, a finger of a hand model will not be decomposed into phalanxes.
Mapping functions
Differential topology based approaches study the properties of real valued functions, which we refer to as mapping functions, defined on input surfaces, either to construct Reeb graphs [10, 30] , contour trees [9] , level set diagrams [20] or Morse complexes [7, 24] . Those functions are often brought by the application context: terrain modeling [30] , MRI analysis [9] , molecular analysis [7] , etc.
When dealing with topological skeletons, it is necessary to define a scalar function which satisfies invariance and stability constraints, and which also provides a topological description that highlights visually significant surface subcomponents.
Lazarus and Verroust [20] introduced such a function, defined by the geodesic distance (the length of the shortest path between vertices) from a source vertex to any other vertex in the mesh. It leads to visually interesting results for natural objects because it is invariant to geometrical transformations and it is robust against variations in model pose [17] . Due to a lack of stability, within the framework of shape retrieval, Hilaga et al. [16] proposed to integrate this function all over the mesh. Unfortunately, from our experience, that function generates an important amount of critical points, configurations where the gradient of the function vanishes, which makes the construction of visually meaningful graphs more complex.
In our method, to reveal the most significant features, we focus on feature points. Feature points are mesh vertices located on extremities of prominent components [17] . Mortara and Patanè [23] proposed to select as feature points the vertices where Gaussian curvature exceeds a given threshold, but this cannot resolve extraction on constant curvature areas. Katz et al. [17] developed an algorithm based on multi-dimensional scaling in quadratic execution complexity. In this paper, we propose a robust and straightforward algorithm for feature point extraction (Fig. 1a) . Moreover, we use them as geodesic origins for the definition of our mapping function (Fig. 1b) . Such a function reveals well the most visually significant parts of the mesh, generating manageable critical point sets.
Graph construction and simplification
A Reeb graph [28] is a topological structure that encodes the connectivity relations of the critical points of a scalar function defined on an input surface. More formally, Reeb graphs are defined as follows: Figure 2 gives an example of a Reeb graph computed on a bi-torus with regard to the height function and illustrates well the fact that Reeb graphs can be used as skeletons.
Constructing a Reeb graph from a scalar function f computed on a triangulated surface first requires to identify the set of vertices corresponding to critical points. With this aim, several formulations have been proposed [11, 31] to identify local maxima, minima and saddles, observing for each vertex the evolution of f at its direct neighbors. Several algorithms have been developed to construct Reeb graphs from the connectivity Fig. 2 . Evolution of the level lines of the height function on a bitorus, its critical points and its Reeb graph relations of these critical points [9, 10] , most of them in O(n × log(n)) steps, with n the number of vertices in the mesh. However, they assume that all the information brought by the scalar function f is relevant [9, 24] . Consequently, they assume that all the identified critical points are meaningful, while in practice, this hypothesis can lead to unmanageably large Reeb graphs. To overcome this issue, Ni et al. [24] developed a usercontrolled simplification algorithm. Bremer et al. [7] proposed an interesting critical point cancellation technique based on a persistence threshold. Attene et al. [1] proposed a seducing approach, unifying the graph construction and simplification, but it is conditioned by a slicing parameter.
In this paper, we propose a discrete formulation of contours, connected subsets of level lines, which enables, without any input parameter, the construction of visually meaningful Reeb graphs (Fig. 1c ).
Constriction computation
Psychological research [5] claims that the human visual system tends to segment complex objects along the narrowest and the most concave regions. Based on this hypothesis, in order to improve the topological skeleton description quality, we focus on constrictions on surfaces.
Hétroy and Attali [15] define constrictions as simple closed curves, whose length is locally minimal. Recently, Hétroy [14] showed that constriction detection could be achieved by analyzing surface curvature.
In this paper, we propose to analyze the geometrical characteristics of discrete contours, and particularly their curvature, to approximate constrictions (Fig. 1d) , in order to decompose previously identified components into more visually interesting parts (Fig. 1e) .
Framework overview
Given a closed connected triangulated surface T , we propose in this paper a unified method to decompose T into visually meaningful subparts, considering the topological and geometrical characteristics of discrete contours.
The algorithm proceeds in three stages. First, mesh feature points are extracted (Fig. 1a) in order to compute an invariant and visually interesting mapping function (Fig. 1b) , denoted as f m in the rest of the paper. Next, for each vertex in the mesh, we compute its discrete contour, a curve traversing it and approximating f m continuous contour. Finally, as the set of discrete contours recovers the entire mesh, it is possible to analyze each contour's characteristics, either to detect topological changes (Fig. 1c) or to detect curvature transitions (Fig. 1d) .
Our scientific contribution resides in three points: (1) We propose a robust and straightforward algorithm for feature point extraction. (2) We show that a discrete contour formulation enables, without re-meshing and without any input parameter, a pertinent Reeb graph construction, providing visually meaningful graphs, affineinvariant and robust to surface degradations. (3) We show that the geometrical information brought by discrete contours enables the approximation of constrictions on prominent components and consequently Reeb graph refinement.
Feature point extraction
To compute visually meaningful topological skeletons, we first have to define a mapping function that will highlight the most significant parts of the mesh. To achieve this, we first focus on feature points, vertices located on the extremities of prominent components, because they provide a good overview of the shape structure [17, 23] .
Algorithm overview
To extract feature points, we propose a quite straightforward algorithm, using differential topology tools. It is based on the key idea that feature points can be extracted analyzing some mapping function local extrema. In Fig. 3a , the height function has been computed on a hand model. As the fingers are directed upwards, local maxima (in green) are identified at the extremities of related components and can be consequently referred to as feature points. However, it is straightforward that the height function is not a relevant choice in the general case because it is dependent on the object orientation.
The function that maps a vertex to its geodesic distance to a source vertex seems much more appropriate because geodesic distances are affine-invariant and robust to variations in model pose. In Fig. 3b , c the geodesic distance function has been computed on the hand model, using the extremity of the middle finger (in red) as source vertex. The set of local extrema (minima and maxima, in red and green) actually contains the set of feature points (extremities of the fingers and the wrist).
However, Fig. 3c shows some local maxima in configurations which do not correspond to feature points (green points on the side of the little and the ring fingers). To discriminate local extrema that correspond to feature points from those which do not, we propose to realize a crossed analysis, using two geodesic based mapping functions -whose origins are the mesh's most distant vertices -and to intersect the sets of their local extrema.
Algorithm formulation
From an algorithmic point of view, geodesic distances can be approximated by the Moore-Dijkstra algorithm (distance minimizing in weighted graphs). In the rest of this paper, we will refer to δ(v i , v j ) as the normalized approximation of the geodesic distance from vertex v i to v j , normalized with regard to mesh global extrema.
Let v s 1 and v s 2 be the most geodesic distant vertices of a closed connected triangulated surface T , computed with the tree diameter algorithm [20] . In Fig. 4 , v s 1 is located at (Fig. 4b) .
Let f g 1 and f g 2 be two scalar functions defined on each vertex v of T , as follows:
Based on the critical point classification proposed in [10] , a local minimum is defined as a vertex such that all its direct neighbors have an upper function value. Reciprocally, we define a local maximum as a vertex such that all its direct neighbors have a lower function value.
Let E 1 be the set of local extrema (minima and maxima) of f g 1 (in yellow in Fig. 5a ) and E 2 be the set of local extrema of f g 2 (in cyan in Fig. 5b ). Extremities of prominent components are configurations where f g 1 and f g 2 tend to an extremum (Fig. 5a, b) . Consequently, the set of feature points is both included in E 1 and E 2 . Therefore, we define the set of feature points F of T (Fig. 5c ) as follows:
In practice, f g 1 and f g 2 local extrema which correspond to feature points do not appear exactly on the same vertices but in the same geodesic neighborhood. Therefore, the intersection constraint is relaxed as follows, with ∈ [0, 1] the radius of the geodesic neighborhood (geodesic distances are normalized):
From our experience, using only two geodesic mapping functions ( f g 1 and f g 2 ) and setting = 0.05 gives accurate results. The choice of such settings as well as the 
Mapping function definition
The definition of the mapping function depends on what is expected to be revealed. For example, for terrain modeling [30] , the height function will present critical points over hills and valleys, providing consequently an appropriate topological description. When dealing with topological skeletons, it is necessary to define an invariant and visually interesting mapping function, which highlights the global structure of the object. Moreover, the mapping function should not generate an unmanageable set of critical points, in order to make the graph simplification easier. From our experience, this is not the case of the function presented in [16] .
Firstly, to guarantee invariance to geometrical transformations and robustness against variations in model pose, geodesic distances are used. Secondly, to define a visually interesting mapping function, feature points are taken as origins for geodesic distance evaluations, because they provide a good overview of the object global structure [23] .
Therefore, we propose the following mapping function, denoted as f m in the rest of the paper, which computes in each vertex v of T the geodesic distance to the closest feature point:
The mapping function f m is a normalized version of the function f c , defined as follows ( f c (v) ≥ 0, ∀v ∈ T ):
with v c the closest feature point from v:
Notice that f m is invariant to uniform scaling (thanks to the normalization), rotation and translation (thanks to the use of geodesic distances). Figure 6 presents some computations of f m over arbitrary shapes, the number of extracted feature points (|F|) and the number of critical points (|C|, identified according to the classification proposed in [10] ). The term f m has been defined so that it tends to maxima (in green) at feature points and tends to minima (in red) at the center of the object.
As shown in Fig. 6 , f m generates an important number of critical points. Consequently, standard Reeb graph construction algorithms would create large graphs, counting as many nodes as critical points, which is a major issue for the extraction of meaningful topological skeletons. In the next section, we present a formulation of discrete contours, which enables a unified graph construction and simplification process.
Discrete contour computation
Defining contours of a real function f computed on a triangulated surface T is not a simple problem. In the continuous case, a level line f −1 ( f( p)) is the set of points p i such that f( p i ) = f( p). Moreover, two points p 1 and p 2 belong to the same contour if they belong to the same connected component of f −1 ( f( p 1 )).
In the discrete case, for a given vertex v ∈ T , depending on T sampling, the set of vertices v i such that f(v i ) = f(v) is often reduced to the vertex v itself. With regard to Definition 1, a correct Reeb graph could not be constructed from this formulation of discrete contours, because the conditions of the equivalence relation would rarely be satisfied.
To preserve contour topological properties in the discrete case, we define the discrete level line Γ(v) associated with the vertex v as a curve computed along the edges of T which approximates by upper value the continuous level line f −1 ( f(v)). More formally, it can be defined as follows:
Definition 2 (Discrete level line). Let T + be the subset of a closed connected triangulated surface T such that
∀v + ∈ T + , f(v + ) ≥ f(
v). The discrete level line associated with the vertex v and denoted as Γ(v) is the set of edges (and related vertices) belonging to T + , such that each edge of Γ(v) is adjacent to only one face of T + .
The discrete level line Γ(v) is the boundary between the upper valued triangulation T + and the rest of T . angulation, with regard to the height function. Moreover, each connected subset of a discrete level line is referred to as a discrete contour.
In particular, we define the discrete contour γ(v) associated with the vertex v as the connected subset of Γ(v) containing v. Notice that as T becomes more and more dense, the more discrete contours will tend to continuous contours.
Discrete contours can be computed for the whole mesh using a step by step gradient ascent process, described in Algorithm 1. This algorithm describes a propagation from f global minimum to f local maxima. It handles two heaps, respectively, the set of visited vertices Vt and the set of candidate vertices for visit Cd. At each step, Cd surrounds Vt by an upper value and corresponds to the discrete level line Γ(v), with v = argmin v ∈Cd f(v ). In the next sections, discrete contours will be analyzed, both to detect topological changes and constrictions.
Algorithm 1. Discrete contour computation
Vt = ∅ Cd ← {argmin v ∈T f(v )} while Cd = ∅ do v ← argmin v ∈Cd f(v ) Γ(v) ← Cd γ(v) ← connected
Topological analysis of discrete contours
Standard Reeb graph construction algorithms need simplification in order to remove noisy details. In this section, we propose a unified algorithm for graph construction and simplification, based on the topological analysis of discrete contours. Following the Definition 1 of a Reeb graph in the continuous case, we can state an analog equivalence relation in the discrete case between two vertices v 1 , v 2 ∈ T , based on our notion of discrete contour:
The terms v 1 and v 2 belong to the same connected component if they satisfy the above conditions. Therefore without discrete contour merge Figure 10 shows several dual Reeb graphs obtained with this strategy, with regard to f m (graph embedding in space will be detailed in Sect. 9).
The main contribution of our algorithm is that graph construction and simplification are performed at the same time, without input parameter or preprocessing. If we compare Figs. 6 and 10, we notice that the dual Reeb graphs do not reflect the presence of noisy critical points (points in red in Fig. 6 ), because discrete level lines do not disconnect in those configurations.
Standard Reeb graph algorithms would have generated graphs counting as many nodes as critical points: 100 nodes for the hand model and 92 nodes for the horse model. In our approach, as contours do not disconnect in f m non-smooth parts, only meaningful topological variations are encoded in the graph.
Geometrical analysis of discrete contours
Constriction approximations enable the subdivision of the branches of topological skeletons into more visually interesting parts, detecting potential articulations for example. For each discrete contour identified in the previous stage, its weighted curvature index is computed and local minima are identified as constrictions.
Topological constraint
Since constrictions are defined as closed curves, the analysis has to be restricted to closed discrete contours only. [19] . The curvature index generates a more important contrast between convex and concave areas Considering each contour γ(v) as a connected and undirected planar graph G, γ(v) is a cycle, and consequently a closed curve, if the degree of all its vertices equals two. Therefore for each discrete contour of T reduced to a planar graph G, the degree of each of its vertices is computed and we only consider in the rest of our algorithms contours that satisfy the above property.
Contour curvature estimation
Many curvature computations have been proposed in the past [19, 21] . In this paper, surface curvature along contours is evaluated using the curvature index [19] . First, it is invariant to uniform scaling, which contributes to the Fig. 12a-i . Unfiltered (left column) and filtered (center column, f τ = 8) curvature curves and their related components. Local negative minima have been marked with gradations of red on the hand model views stability of the algorithm. Second, experiments showed it provided more relevant results than Gaussian [32] or mean curvatures. The curvature index is computed for each vertex v ∈ T as follows:
with k 1 and k 2 the principal curvatures in v, computed with the algorithm described in [21] . Figure 11 shows several curvature estimations of the hand model (the mean and the Gaussian curvatures have been displayed with logarithmic scales). Notice that the curvature index generates a more important contrast between convex (in light red) and concave (in dark red) areas, which benefits concave contour detection. In order to estimate the curvature ζ(γ(v)) associated with the discrete contour γ(v), a weighted average of curvature indexes is computed as follows:
where P (γ(v)) stands for the perimeter of the contour γ(v) and where L e 1 (v i ) and L e 2 (v i ) stand for the lengths of the edges adjacent to v i on the contour. Vertex curvatures are weighted so as not to give too much importance to the densely sampled parts of the contour.
Component curvature curves
During the topological analysis of discrete contours, each contour is sequentially linked to its related node in the dual Curvature is a well-known noise sensitive entity. Consequently, to compute nice-looking discrete contour constrictions, we have to reduce high frequency noise in curvature curves. Reducing noise on a one-dimensional data set is a trivial signal-processing problem. This can be achieved by applying an ideal low-pass filter of cutoff frequency f τ , defined by the following transfer function:
A filtered version of ζ(γ(v)) is given by the following expression, where FT stands for the Fourier transform:
As shown in Fig. 12 , low-pass filtering smooths curvature curves and enables a clear discrimination of local minima and maxima. The f τ parameter has been set experimentally to 8, as discussed in Sect. 10.
Constriction selection By definition, if ζ(γ(v)) is positive, the γ(v)
neighborhood is globally convex, otherwise it is concave. Constrictions appear on the narrowest, or the most concave, parts of a surface. Consequently, local negative minima are identified as contour constrictions. In Fig. 12b , one negative minimum is identified and is marked as a constriction in Fig. 12c . Similarly, two negative minima are identified in Fig. 12e and are displayed in red in Fig. 12f . Constriction detection is motivated by a need to segment skeleton components into more meaningful subparts. Nevertheless, to keep the high-level interest of such a refinement, over-segmentation must be avoided. Roughly, if two contours that are negative minima of ζ(γ(v)) are too close to each other (if the difference between their average value of f m is lower than a given threshold ∆ = 0.1), only the most concave one is identified as a meaningful constriction.
Topological skeleton enhancement
In previous stages of the framework, a dual Reeb graph has been provided by a topological analysis of discrete contours. This graph is composed of nodes and edges which respectively represent identified connected components and adjacency relations between them. Each node of the graph references a collection of vertices as well as the collection of corresponding discrete contours. Moreover, constriction detection has been provided by a geometrical analysis of discrete contours. Consequently, for each node of the dual Reeb graph, its contour and vertex collections can be subdivided using contour constriction as boundaries. Thus, each identified connected component of the mesh can be subdivided into more visually meaningful subparts.
Based on these decomposition processes, several embeddings of enhanced topological skeletons can be provided. For display purposes, a graph embedding (Fig. 13a) can be computed by placing a node at the Euclidean barycenter of the related mesh patch. For some applications, it is important to constrain the skeleton position strictly inside the object. Moreover, particularly for mesh deformation, a link between vertices and skeleton branches will be additionally needed. Most of the time, this association is performed computing for each vertex its closest point on the skeleton. Thanks to their theoretical foundations, enhanced topological skeletons are appropriate candidates. Firstly, a medial axis embedding (Fig. 13b) can be computed, placing a node at the Euclidean barycenter of each discrete contour. Secondly, constriction approximation can be reported with a special node (in red in Fig. 13b) , denoting a potential articulation in the object. As discrete contours have been defined relatively to a vertex, our algorithm provides a natural equivalence between the vertices of the mesh and the points of the skeleton.
Experiments and results
In this section, we present and comment on experimental results obtained with our method. The discussion will be laid out as follows. Firstly, experiments for parameter setting are detailed. Secondly, we focus on framework evaluation. To our knowledge, no ground-truth evaluation process has been proposed in the past for evaluating skeleton extraction accuracy. Nevertheless, we retained four evaluation criteria: time execution complexity, intrinsic properties (enumerated by Wu et al. [33] ), robustness to surface degradation and usability (Sect. 11). Thirdly, framework limitations will be detailed.
Models presented in this discussion are closed connected triangulated surfaces extracted from the Princeton Shape Benchmark [29] and the INRIA Gamma Research Group [13] repositories.
Parameter setting
Feature point extraction is the first stage of the pipeline that requires a threshold value setting. This parameter ( ) stands for the radius of geodesic neighborhoods during the geodesic based mapping function extrema intersection process (extrema representing a same feature point might not appear on the same vertex but in the same neighborhood). If is too small, extrema will have to be very close to be merged; consequently, some feature points might be missed. On the contrary, if it is too high, distant extrema will tend to be merged into the same feature point; thus some feature points might represent several protrusions. Table 1 shows that the number of extracted feature points is quite stable when varies. The most visual perception conforming results have been obtained setting = 0.05 (bold column, see Fig. 14 for graphical results) .
The number of geodesic based mapping functions used for intersection (noted N G ) can also be discussed as a parameter of the approach. Table 2 shows experiments with a variant of the proposed algorithm, using a varying number of mapping functions. It shows that the more mapping functions are intersected, the less feature points are identified, as a consequence of the intersection process of multiple sets.
Discrete contour constriction detection is conditioned by the cutoff frequency f τ of the low-pass filter applied Table 2 . Number of feature points when the number N G of geodesic mapping functions for intersection increases. Intersecting more and more sets reduces the number of common elements Table 4 . Number of discrete contour constrictions with different ∆ parameter values. Setting ∆ = 0.1 avoids over-segmentation on concerned objects (dinosaur and horse models) without affecting constriction selection on others Fig. 14a-x . Feature points, dual Reeb graph, constriction approximations and enhanced topological skeleton of simple and complex objects on curvature curves. This filter's objective is to decrease curvature high frequency noise influence. Setting f τ = 8 has shown to result in nice-looking constrictions (see Fig. 14 and Table 3 ). Moreover, constriction selection is also conditioned by a threshold parameter (∆) which denotes the minimal acceptable distance between two consecutive constrictions. Table 4 shows it is not a critical parameter though it helps in avoiding over-segmentation on two models.
As a conclusion, Tables 1-4 show that most of those parameters are not critical for the stability of the overall method and that proposed values (used for Figs. 14 and 15) give visual perception conforming results.
Time complexity
Given an input closed connected triangulated surface T , let n be the number of vertices in T . Feature point ex- Fig. 15a-h . Enhanced topological skeleton of various objects traction is performed in O(n × log(n)) steps. The term f m is computed in O(|F| × n × log(n)) steps with |F| the number of identified feature points. Notice that f m has a lower computational cost than the function proposed in [16] (|F| rarely exceeds 20). Each discrete contour computation takes O(log(n) + n). Therefore, as contours are computed for each vertex in T , the overall discrete contour computation takes O(n 2 ) steps. Topological and geometrical analyses are more straightforward. Topological analysis is performed in O(n) steps. Curvature curves are computed in O(n) steps. Their smoothing is realized in O(n × log(n)), using the fast Fourier transform algorithm. Consequently, we can state that the overall complexity of our method is bounded by the discrete contour computation, which takes O(n 2 ) steps in the worst case.
Presented algorithms have been implemented in C language under GNU/Linux and experimented on a desktop PC with a 3 GHz P4-CPU and 2 gigabytes of RAM. Table 5 shows the computation times corresponding to the models presented in Fig. 14. For comparison, the latest constriction detection algorithms [14] run in 80 seconds for a 10 000 faced model. Domain connected graphs [33] are computed in more than 1900 seconds for such models. Three-dimensional mesh segmentation based on feature points and core extraction [17] takes 28 seconds for 4000 faced models. Notice that our overall method has a significantly lower running time than these state-of-the-art methods for equivalently sampled meshes.
Discussion
Intermediary results and topological skeletons are shown in Figs. 14 and 15. On these illustrations, the reader can notice that enhanced topological skeletons concisely en-code both shape topology (Reeb graph, in blue) and geometry (constrictions, in red). On the one hand, the topological analysis results in the identification of the most significant topological components only, preserving the topological properties of the shape: model in Fig. 15e is a 1-genus surface and its skeleton consequently contains a cycle. On the other hand, the geometrical analysis enables the subdivision of these topological components into more visually meaningful subparts, increasing the description quality of traditional topological skeletons (subdividing humanoid models' limbs along potential articulations). According to Wu et al. [33] , a shape skeleton is expected to respect certain intrinsic properties: simplicity, stability, meaningfulness, neutrality and hierarchy. Firstly, as illustrated in Fig. 13a , enhanced topological skeletons can be collapsed into very concise representations. Secondly, the stability of the presented method can be observed in Fig. 15f and Fig. 15g , where two different horse models have nearly identical skeletons. More generally, the overall robustness of the framework will be addressed later in this discussion. Thirdly, the reader can see that no noisy details are encoded in the skeletons, which shows the meaningfulness of the framework. Fourthly, the neutrality of the skeleton is provided by the medial axis embedding we proposed in Sect. 9. Fifthly, a natural skeleton hierarchy is provided by the mapping function f m : skeleton subparts at the center of the object, at the root of the hierarchy, have a low function value (denoted in dark blue in Figs. 14 and 15) whereas extremity parts have a high function value (denoted in light blue in Figs. 14 and 15). Consequently, we can state that enhanced topological skeletons respect the intrinsic properties of shape skeletons [33] , and consequently provides a good description of 3D meshes. Feature points have been extracted in the past. Contrary to the algorithm presented by Mortara et al. [23] , the presented method resolves extraction on constant curvature areas, such as a sphere where two poles are extracted (Fig. 14a) . Moreover, the algorithm presented by Katz et al. [17] runs in quadratic execution complexity while our algorithm needs O(n × log(n)) steps, with n the number of vertices in the mesh. At last, we can state that our feature point extraction algorithm leads to visual perception conforming results, as shown in Fig. 16b , c where feature points have been extracted on the extremity of each finger and toe.
As for the topological skeleton construction algorithm, the reader can notice that no noisy details have been encoded in the skeletons, because discrete contours do not disconnect in f m non-smooth configurations (denoted with red and black critical points in Fig. 6 ). Contrary to traditional Reeb graph simplification algorithms, no noisecorrective threshold is required.
Discrete contour constriction detection also leads to visual perception conforming results, identifying the most significant surface bottlenecks (such as the humanoid models' elbows and knees for example). As shown in Fig. 14n , o the proposed algorithms leads to acceptable results even with coarsely designed objects, even on strongly tubular components. Notice that it also behaves correctly with primitive shapes, such as the sphere (Fig. 14m) , where no constriction is identified. Moreover, contrary to previous works [14, 15] , only meaningful constrictions are extracted.
Robustness against surface degradation
As f m is based on normalized geodesic distance evaluation, the algorithm is invariant to geometrical transformations (translation, rotation and uniform scaling). The fol- lowing experiments try to estimate our framework's stability against more complex transformations.
The first experiment deals with surface noise (Fig. 17b) , scanning acquisition noise for example. Each vertex of the input triangulation has been moved randomly in a box whose volume corresponds to 1% of the bounding box of the overall object. One can see that the topological description (in blue) remains unchanged while the geometrical description (in red) slightly varies. Notice that such a noise dramatically affects the surface and is known to be critical for medial axis transform or segmentation based methods.
Compared to [1] , no re-meshing preprocess is required in our framework. To evaluate our method dependence on the triangulation of the surface, we propose in the second experiment to divide by 5 the number of vertices in the mesh, as shown in Fig. 17c . In a similar way to the previous experiment, surface under-sampling slightly affects the constriction detection process only.
The third experiment's purpose is to evaluate enhanced topological skeletons robustness against variations in model pose. This property benefits applications such as surface comparison. Geodesic metrics are commonly attributed to the property to be invariant to variations in model pose though it is rarely used. In Fig. 17d , the hand model has been deformed using rigid rotations (as detailed in Sect. 11), and the enhanced topological skeleton of the deformed surface has been computed. Notice not only the topological but also the geometrical analyses behaved nearly identically: only one constriction is missing in the little finger and the other ones kept precisely their original position. Thus, we can conclude from this experiment that the presented method is also robust against variations in model pose.
Framework limitations
In Fig. 15c , the bear model seems symmetrical while it is not rigorous. This results in a skeleton whose structure is not symmetrical. Generally speaking, topological skeletons (because of their theoretical foundations) tend to amplify the models' asymmetry. We believe that for future work, capturing the notion of perceived symmetry could increase the descriptive quality of the framework, inserting in an artificial way some symmetry in the skeleton if needed. In this sense, recent results in geometry processing for symmetry detection [27] are worth investigating. This property could benefit applications such as skeleton based surface similarity estimation, which often uses asymmetry sensitive graph-matching algorithms.
Moreover, the proposed method assumes that constrictions appear along extracted discrete contours. Even if it is verified in practice for most tested objects (see Figs. 14 and 15), this is a strong hypothesis. An undesired consequence of this hypothesis is presented in Fig. 18 , where a contour passing through a deeply concave area is incorrectly identified as a constriction. Reciprocally, expected Fig. 18a,b . False positive constriction on the head of a coarsely designed humanoid model. As the eye areas are deeply concave, the associated discrete contour is incorrectly identified as a constriction constrictions that are not located along discrete contours will not be identified. Graph-cut based optimization algorithms could be a solution to this problem, moving constriction approximations to their exact location, helping the constriction selection.
Examples of application
In previous section, our framework has been evaluated according to its time execution complexity, its descriptive properties and its robustness against surface degradation. In this section, we focus on its application as its last evaluation criteria and propose two applications: topology driven mesh segmentation and skeleton driven mesh deformation.
Topology driven mesh segmentation
Mesh segmentation roughly consists in cutting a surface into meaningful subparts [2] . Similarly to skeleton extraction, it benefits a large spectrum of applications. Recently, the need for compatible segmentation, meaning segmenting identically two meshes representing the same class of object, has been expressed [17] . Contrary to geometrical low-level based approaches [34] , a solution to this issue could reside in driving the segmentation using highlevel shape information, such as symmetry or topology. In this sense, Berreti et al. [3] proposed the use of the topological description provided in [16] to compute simple, but similar segmentations. Here, we propose to exploit this idea and to take advantage of the higher descriptive quality of our skeletons (in comparison to traditional topological skeletons) to improve topology driven mesh segmentation.
The proposed algorithm is summed up in Fig. 19 . First, for each node of the graph, its related surface patch is dis- Fig. 20a-d . Topology driven segmentation results for some test objects. The proposed algorithm identifies core and limbs, subdividing limbs along deeply concave areas played with a distinctive color. This results in a raw oversegmentation (Fig. 19b) . Then, the graph is simplified (Fig. 19c ) and the final segmentation (Fig. 19d) is computed using the following two node-merging heuristics:
1. Delete thin patches. If the degree of processed node is greater than 2, then merge it with its adjacent node of biggest area, except if a constriction separates them. 2. Select the most concave boundaries. If the degree of processed node is equal to 2 and it is the first node of a branch and its last contour has a ζ(γ(v)) value lower than a given threshold ζ min (fixed to −0.1), then merge it with its parent node (its adjacent node of lowest average f m value).
More results are shown in Fig. 20 . In these illustrations, objects are segmented into core and limbs and limbs are segmented along constrictions. Notice that this algorithm benefits our skeleton extraction framework properties, and particularly its robustness against surface degradation.
Skeleton driven mesh deformation
User defined 3D model deformations often need tricky mesh editing operations. Shape skeletons have shown to be user-friendly shape abstractions for surface deformation [8, 18, 33] . Basically, the user grabs the branches of the skeleton and moves them to produce the desired deformation. Contrary to conventional topological skeletons, our skeletons are enhanced with constrictions which mostly corresponds to articulations. Consequently, the user can employ these special points of the skeleton (in red in Fig. 21 ) as natural rotation reference points. Once a branch of the skeleton has been rotated, the corresponding rotation matrix is constructed. Then, for each vertex of the related surface patch, its new position is computed multiplying its original position vector by the rotation matrix. Figure 21 shows that nice-looking deformations can be obtained with only a few user interactions, thanks to the high-level description provided by enhanced topological skeletons.
Conclusion and future work
In this paper, we presented a new concise shape abstraction, enhanced topological skeleton, that encodes both topological and geometrical evolutions of some mapping function contours. We also proposed a unified and fully automatic algorithm for its extraction. First, it computes a Reeb graph. Then it refines it by using discrete contour constriction as boundaries. To the authors' knowledge, this is the first approach that unifies Reeb graph construction and constriction computations.
Three scientific contributions are given. First, we proposed a robust and straightforward algorithm for feature point extraction. It enables the computation of an invariant mapping function which reveals well the shape most significant features. Secondly, we presented an algorithm for discrete contour computation. We showed that a topological analysis of these discrete contours enables a unified Reeb graph construction and simplification process. Finally, we showed that a geometrical analysis of the discrete contours provides visual perception conforming constriction approximations, enabling the refinement of the traditional Reeb graphs into more visually meaningful skeletons.
Moreover, we presented an extensive evaluation discussion of experimental results, according to four criteria. First, we have shown that enhanced topological skeletons respect shape skeleton intrinsic descriptive properties [33] , improving traditional topological skeletons description quality. Second, we have shown that the presented algorithm runs significantly faster than state-ofthe-art methods. Third, we have shown that enhanced topological skeletons are affine-invariant and robust to a variety of surface degradations, such as surface noise, mesh sampling variation and surface deformation. And finally, to evaluate the usability of the presented framework, we developed two applications related to topology driven mesh segmentation and skeleton driven mesh deformation.
Some limitations have been enumerated in the discussion. In future work, we would like to capture the notion of perceived symmetry in order to extract symmetrical skeletons if the objects seem roughly symmetrical. We believe this could benefit many applications, like surface similarity estimation. As a long term perspective, we would like to use enhanced topological skeletons as a shape abstraction for mesh editing operations within the framework of modeling by example systems [12] .
